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ABSTRACT 
A unit hydrograph model is proposed in which the watershed is decomposed into subareas which are individual cells or 
zones of neighbouring cells. The unit hydrograph is found for each subarea and the response at the outlet to excess 
rainfall on each subarea is summed to produce the watershed runoff hydrograph. The cell to cell flow path to the 
watershed outlet is determined from a digital elevation model. A constant flow velocity is assigned to each cell and 
the time lag between subarea input and response at the watershed outlet is found by integrating the flow time along 
the path from the subarea to the outlet. The response function for a subarea is modelled as a lagged linear reservoir 
in which the flow time is equal to the sum of a time of translation and an average residence time in the reservoir. It 
is shown that the assumption of a spatially varying, but time-invariant, velocity field underlying this model produces 
a linear system model for all subareas whose outputs can be summed in the manner indicated. An example application 
is presented for the 8.70 km2 Severn watershed at Plynlimon in Wales using a 50 m digital elevation model in which the 
cell velocity is calculated by modifying an average watershed velocity according to the terrain slope and the drainage 
area of each cell. The resulting model reasonably reproduces the observed unit hydrograph. 
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INTRODUCTION 

The unit hydrograph is a traditional means of representing the linear system response at the watershed out- 
let to rainfall over the watershed, but it suffers from the limitation that the response function is lumped over 
the whole watershed and does not explicitly account for the spatially distributed nature of watershed prop- 
erties. It is now becoming common to represent the land surface elevation over the watershed by a grid cell 
digital elevation model. Standardized algorithms are available in geographical information systems which 
use the local terrain slope to link each cell with one of its neighbours along the line of steepest descent, thus 
creating a one-dimensional flow network over the entire land surface. The research question examined in 
this paper is how to extend this terrain representation to allow runoff computation. It is shown that under 
the assumption of a spatially varying, but time- and discharge-invariant, velocity field, the linear system 
response at the watershed outlet can be spatially decomposed into a set of cell-based linear systems whose 
individual response functions sum to give the watershed response function. 

The Arc/Info Grid and GRASS geographical information systems define cell to cell flow paths through 
the landscape using an eight-direction pour-point algorithm which defines the direction of flow from any 
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Figure 1 .  (a) Flow direction grid; (b) representation of the watershed as a spanning tree; and (c) flow velocity (magnitude) grid 

grid cell to be in the direction of steepest descent from that cell to one of its eight neighbours, four on the 
principal axes and four on the diagonals, as shown in Figure l a  (ESRI, 1992). Thus the flow path of water 
from all points in the watershed is specified and is invariant with the magnitude of the precipitation. Digital 
data to support application of this algorithm are available at 50 m spacing for the UK, at three arc-second 
(approximately 90 m spacing) for the USA, at 30 arc-second spacing for Africa and at five arc-minute spa- 
cing (approximately 9 km) for the entire earth (Lozar, 1992). Although the pour-point model is artificial in 
that it restricts water movement to one of eight directions at any location, this simplification accomplishes a 
very important goal, namely it creates a one-dimensional flow network over the landscape, as shown in 
Figure lb. This network is a spanning tree connecting each cell in a watershed with the cell at the 
watershed outlet by a unique path. 

The unit hydrograph is based on two assumptions: that the duration of excess runoff is a function only of 
the duration of the excess rainfall pulse and not of its magnitude and that the magnitude of the unit hydro- 
graph ordinates is directly proportional to the volume of direct runoff contained within the hydrograph 
(Chow et al., 1988). Suppose that, in addition to the flow direction being defined at each grid cell by the 
pour-point algorithm, we also define the magnitude of flow velocity in each, thus creating a velocity field 
over the landscape, as shown in Figure lc. As the duration and shape of the unit hydrograph are indepen- 
dent of the amount of direct runoff, and as the flow direction network on the landscape is fixed, it follows 
directly that no matter how much runoff is passing through the flow network, the velocity is unchanged at 
any given location. If this conclusion were not so, then the shape of the unit hydrograph would change as 
the amount of direct runoff changed. It is obvious that the laws of hydraulics show that the velocity is 
related to the discharge, but it may be concluded that implicit in using a unit hydrograph is the assumption 
of a spatially variable, but time- and discharge-invariant, velocity field over the watershed. It is not neces- 
sary that this velocity is the same for all events, but it is necessary that it is constant throughout any given 
event. 

SPATIAL DECOMPOSITION OF THE UNIT HYDROGRAPH 

Mathematical representation of the unit hydrograph has a long history in hydrology. Clark (1945) formu- 
lated a unit hydrograph model by combining the time-area diagram of the watershed with a linear reservoir 
at the outlet. Nash (1957) proposed a cascade of linear reservoirs as a unit hydrograph model and Dooge 
(1959) presented a unit hydrograph theory combining linear channels and linear reservoirs. These 
approaches are based on the convolution integral for the watershed as a lumped system which defines 
the direct runoff hydrograph q( t )  as a function of the excess rainfall hyetograph Z ( T )  using the unit impulse 
response function u( t - T )  as 

q(t)  = f Z ( T ) U ( ~  - 7)dT (1) 
0 

In Equation (l), if the dimensions of the rainfall intensity, Z(T) ,  are [LT-'1 and the dimensions of the 
impulse response function, u(t  - T )  are [T-'I, then the convolution integral produces an output, q(t) ,  
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which has dimensions [LT-'1, which can be interpreted as the discharge at the outlet per unit of drainage 
area of the watershed. If the output of the convolution integral is to be simply discharge at the outlet, Q ( t ) ,  
with dimensions [L3 T-I], then Equation (1) needs to be multiplied by the drainage area of the watershed A 

Q ( t )  = A 1: I ( T ) U ( t  - 7)dT (2) 

Suppose now that the watershed area is subdivided into J subareas of area AA,, j = 1,2,. . . , J ,  that the 
excess rainfall rate vanes by subarea as denoted by Z j ( t )  and that a subarea unit impulse response function 
uj(t - r )  can be calculated for each subarea independent of all other subareas. We call this assumption 
spatial decomposition and explore later in the paper the conditions under which this assumption is va- 
lid. Much of the development in the paper assumes that each subarea is a single cell in a grid laid over 
the watershed, but the theory presented here is equally valid for computing the response from a zone of 
neighbouring cells with equivalent response times. The response at the outlet can then be found by sum- 
ming the responses from each subarea 

The computation in Equation (3) might be termed spatial convolution in the sense that it represents the 
application of the convolution integral to each subarea of a watershed, with the total response at the 
watershed outlet found as the sum of the responses from the subareas. 

Chow et al. (1988) present a theory of the unit hydrograph which shows how the unit impulse response 
function (instantaneous unit hydrograph) is related to the unit step response function (S-hydrograph) and 
to the unit pulse response function (unit hydrograph). By analogy for the subarea response, when the unit 
impulse response function is integrated through time, the result is the subarea unit step response function, g,(t) 

f 

g,(t)  = /ou j (T)dT (4) 

which is a dimensionless function with a range from 0 to 1 expressing the proportion of a unit impulse input 
occuring at time 0 on subareaj which appears at the outlet by time t .  If the unit input on subareaj occurs at 
a constant rate over a time interval A t ,  the corresponding response at the outlet is given by the subarea unit 
pulse response function, hj( t )  

In practice, precipitation intensity is not measured - what is measured is the incremental precipitation 
occurring over a time interval. If the time horizon is broken into intervals of duration At, the excess pre- 
cipitation, Pi,j  in the ith time interval on thejth subarea is given by 

piAt 

If discharge at the watershed outlet is defined on the same discrete time horizon, now indexed by n, then Q,, 
is the instantaneous value of Q ( t )  for t = nAt ,  n = 1,2, .  . . , N .  The response at the outlet at time t = nAt to 
precipitation occurring in subarea j during the i th time interval is given by 

hn-i+l,j = hj[(n - i +  l ) A t ]  (7) 

The total discharge Qn is found by summing the lagged responses to all precipitation pulses over all 
subareas 
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Thus in the first time interval, n = 1, there is only a single pulse, i = 1, of precipitation, so Equation (8) 
reduces to the summation over all the subareas of the response to this precipitation 

j =  1 

where h,,; is the response at the outlet at the end of the first time interval to precipitation occur- 
ring on subarea j during that interval. In the second time interval, n = 2, two pulses of precipitation, 
i = 1,2, need to be considered and Equation (8) reduces to the summation over all the subareas of two 
responses 

j =  I j =  1 

where the first summation is the response to the first precipitation pulse lagged by one time interval and the 
second summation is the response to the second precipitation pulse at the end of the interval in which it 
occurs. As the time horizon increases, the number of summations increases on the right-hand side of 
Equation (8) until all of the lagged responses to past precipitation pulses have been accounted for. 

Rodriguez-Iturbe and Valdes (1979) proposed a unit hydrograph modelling in which Horton’s stream 
laws are used to integrate over the watershed the delay effect of channel links characterized by a mean hold- 
ing time to produce a unit hydrograph as the probability density function of travel time of water to the 
outlet. Troutman and Karlinger (1986) developed a model for determining the channel network response 
based on ‘stochastic branching theory to defining the hydrologic response of a drainage basin in terms 
of few fundamental basin characteristics’. Rinaldo et al. (1991) presented a model for channel network 
response that decomposes the process of runoff into hydrodynamic dispersion and geomorphological dis- 
persion, the former accounting for the flow mechanisms within individual reaches and the latter for the 
morphology of the network structure. 

The probabilistic approach to unit hydrograph analysis is a Lagrangian method in which the travel time 
of a set of particles released randomly over the watershed is used to trace the movement of water and each 
particle is assumed to move independently of all others. In the method proposed here, independence is also 
assumed, but in the Eulerian rather than the Lagrangian sense - that is, each cell is a flow system through 
which fluid passes and it functions independently of the behaviour of all other cells. Also, as the flow path 
from each cell is traced numerically for all cells in the watershed, summary statistics such as Horton stream 
law indices are not used here to characterize the watershed flow network. 

A second approach to unit hydrograph formulation uses the network width function to characterize the 
number of stream channels, N ( x ) ,  at a distance x from the outlet; a response function for channel flow 
routing is convolved with runoff from the land surface, with the weight given to each distance x in the con- 
volution being proportional to the number of channel links at that distance. Mesa and Mifflin (1986) devel- 
oped a model of this type using the diffusion wave method for channel response and a triangular 
hydrograph for hillslope response. Naden (1992) extended this model by presenting an explicit formula 
for including spatially distributed inputs along the channel system. The present method differs from this 
approach in that the focus is on the land surface rather than the channel system and cells are used for 
all flow system segments both on the land surface and in the channels. 

SPATIAL VELOCITY FIELD 

It is appropriate to determine the circumstances under which the subarea unit impulse response function 
can be calculated independently of all other subareas. These conditions may be stated as follows: 

1. The watershed is subdivided into a finite number of non-overlapping subareas which collectively span 
the whole drainage area and each subarea is connected to the watershed outlet by a single, continuous 
flow path. 
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Figure 2. Effect of simultaneous routing of different inputs 

2. The impulse response function at the watershed outlet to excess rainfall on the subarea does not depend 
on the magnitude of the excess rainfall. 

3. In the event that the flow paths from two subareas share some path segments in common, the impulse 
response function for flow from one subarea is not affected by the presence in these segments of flow 
from the other subarea. 

These conditions are now examined further. For purposes of explanation, assume that subareas are 
represented by the cells in a grid laid over the watershed. Condition 1 is satisfied provided that a path exists 
from each cell to the outlet. This is accomplished by defining a flow direction grid as shown in Figure la 
using the eight-direction pour-point algorithm which specifies for each cell a single neighbouring cell along 
the line of steepest descent which receives its drainage along a flow path between cell centres. Provided there 
are no pits in the landscape, the linkage thus created between the cell centres creates a flow network over the 
landscape as shown in Figure lb, which is effectively a spanning tree drawn from the watershed outlet with 
branches reaching every interior cell. The construction of the flow direction grid is a standard GIS function, 
called Flowdirection in Arc/Info, which requires pre-processing of the digital elevation model of the land 
surface terrain by adjusting the elevation of cells which would cause artificial pits in the landscape to ensure 
a continuous flow path from each cell to the watershed outlet. 

Condition 2 is the standard condition for a linear system response which ensures that the principles of 
proportionality and superposition will apply to convolution of the excess rainfall inputs with the unit 
hydrograph from the subarea. 

Condition 3 is accomplished by assigning a representative velocity to each cell, as shown in Figure lc and 
assuming that flow through this cell is transmitted with this velocity independent of the magnitude of the 
discharge. As the size of the cells is fixed, assuming a representative velocity is equivalent to assuming a 
representative residence time of water in the cell. Residence time can also be defined as the ratio of the 
storage in the cell to the discharge passing through it, so a linear reservoir with a fixed reservoir constant 
k is one model which satisfies condition 3. A linear channel model with a fixed lag time is another model 
which also satisfies this condition. 

Condition 3 may be further examined as shown in Figure 2. Suppose there are two cells A and B whose 
flow paths are separate until they reach cell C and then they share a common flow path from C to D. Con- 
dition 3 states that the response at D to the input at A cannot be affected by the simultaneous occurrence of 
input at B moving to D. If the mathematical model chosen for the cell or subarea impulse response function 
uj( t  - T )  in Equation (3) satisfies this condition, then we say that the system is 'areally decomposable' and 
the transformation from Equation (2) to Equation (3) is valid. 

Because each flow path can be subdivided into segments represented here as cells, the response function 
u,(t - T )  along a path may itself be subdivided into cell to cell response functions. A further and more 
rigorous condition of spatial decomposition exists if the convolution of the response functions for each 
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Figure 3.  Distance-area diagram for Severn watershed at Plynlimon in Wales 

cell along a path yields the response function for the entire path. We call this condition ‘path decomposi- 
tion’. The model for u j ( t  - T )  which we have chosen in this paper, a linear channel followed by a linear 
reservoir, does not satisfy this condition so the unit hydrograph we construct is unique to the particular 
point chosen as the outlet for the watershed. However, by assigning a representative velocity to each 
cell, we do assure that the lag time in the linear channel and the linear reservoir assigned to each flow 
path are constants independent of the magnitude of the flow through the path, thus satisfying the required 
condition for areal decomposition. 

A basic assumption made here with regard to the flow velocity field is that it depends on local constant 
variables such as bottom roughness, land slope, drainage area, etc. and not on time-varying variables such 
as flow or storage. Accordingly, the flow velocity field is time- and discharge-invariant. This requirement 
for constant residence times in the elements of the system making up the unit hydrograph was recognized 
by Clark (1945). Pilgrim (1976) conducted a field study in which he released labelled dye into the drainage 
waters at various points in a small watershed and traced its travel time to the outlet. He found that at low to 
medium flows there is a significant variation of the velocity with the discharge, but ‘at medium to high flows 
the travel times and average velocities become almost constant, indicating that linearity is approximated in 
this range of flows’. 

FLOW LENGTH, VELOCITY AND TIME 

Once the pour-point algorithm has identified the flow direction in each cell, a cell to cell flow path exists to 
the watershed outlet, as shown in Figure 2. A stream channel is normally symbolized by a smooth line on a 
map, so rendering this as a cell to cell flow path involves a slight distortion of the flow path, but the cell size 
is sufficiently small that at normal map scales the distortion is not visible. Techniques introduced by 
Hutchinson (1989) for synthesizing topographic and stream map data produce a hydrological digital eleva- 
tion model in which the cell to cell flow paths are consistent with the locations of mapped streams. These 
techniques are contained in the Arc/Info function Topogrid. 

If a flow path from cellj to the outlet traverses m cells, m = 1,2, . . . , Mj,  the flow length Lj is defined as 
the sum of the flow distances through each cell along the path 

M; 
Lj = c I ,  

m = l  
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where the cell flow distance I ,  is equal to the cell size or 1.41 times the cell size depending on whether the 
flow direction is along the coordinate axes or along a diagonal, respectively. Figure 3 shows a histogram of 
flow lengths computed in this way for the Severn watershed. The cumulative sum of these histogram values 
gives the distance-area diagram of the watershed - a plot of the area draining to the outlet as a function 
of flow distance from the outlet. If the velocity in cell m is V,, the flow time r j  from cell j to the outlet can 
similarly be computed by summing the flow time through each of the M, cells on the path as 

These computations are carried out in Arc/Info using the function Flowlength in which the value of 1 / V, is 
used as a weight on the flow length calculation. 

Determination of the flow velocity 
Determining the flow time by the method just described requires the specification of the velocity for each 

cell on the watershed and in the stream system. This velocity is a typical or representative value for con- 
ditions during the types of events that the unit hydrograph simulates. There are a number of methods 
by which this can be done. Calver (1993) proposed a method in which velocity at a particular point on 
the land surface is related to the distance of this point from the channel system and concluded that the 
mean velocity of the quick flow component of runoff in a watershed adjacent to the Severn is approxi- 
mately 70 m/h. 

In adapting this method to a cell-based geographical information system representation of the watershed, 
we can partition the watershed cells in Equation (12) into two sets: those on the land surface and those 
along the stream system, and can assign different velocities to them. An investigation of this type was 
made for the Severn watershed as part of this study. The velocity on the land surface, V,, was made a 
function of the flow distance x from the stream system using formulas of the type 

V, = a0 + a l x  + a2x2 + a3x3 (13) 
and similarly the velocity in the stream system was made a function of the distance along the stream to the 
outlet. Given an existing unit hydrograph, it was possible to obtain coefficients in Equation (1 3) which gave 
a reasonable reproduction of the falling limb of the hydrograph, which is largely influenced by the 
velocity of water movement on the land surface. This was achieved by comparing the distance-area 
diagram for the watershed shown in Figure 3 with the time-area diagram for the watershed con- 
structed from its S-hydrograph and inferring the velocities needed at each distance increment to ensure 
that the correct amount of watershed area was contributing to flow at the outlet at each interval of time. It 
proved more difficult to derive a reasonable relationship which gave the velocity in the channel system in an 
analogous manner and a constant velocity in the channel of approximately 1 m/s, invariant with location, 
was eventually adopted. 

The method of assigning a velocity as a function of distance from the channel and the outlet assumes that 
the watershed functions as a network of linear channels without storage effects and it considers that vari- 
ables such as drainage area and land slope influence the velocity only in so far as those variables are func- 
tions of distance from the stream channel. It also requires that the stream cells and landscape cells are 
distinguished from one another. These limitations are sufficiently restrictive that the development of an 
alternative approach to specifying the velocity field appeared desirable. A formula is presented in the 
National Engineering Handbook of the US Soil Conservation Service for overland flow velocity as a func- 
tion of land surface slope, s 

(14) b V = as 

which was used by Sircar et al. (1991) for the computation of time-area curves. Equation (14) is a simpli- 
fication of the Manning formula for open channel flow in which b = 0.5 and the coefficient a = R2/3/n .  If 
Equation (14) were to represent subsurface flow by Darcy’s law, then the slope of the piezometric head 
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surface would need to be parallel to the land surface slope, s, the coefficient b = 1 and the coefficient a 
would be a function of the hydraulic conductivity and wetted thickness of the porous medium. If Equation 
(14) is to be applied to the entire watershed and not simply to the land surface, the fact that velocity 
increases going downstream in river systems needs to be taken into account. As the water deepens, the 
effective resistance of the bed and banks on the flow diminishes because the hydraulic radius increases. 
To accomodate this factor, we modified Equation (14) to the form 

sb A' 
V =  V,- 

Isb AC1 In 

where V is the velocity assigned to a cell whose local slope is s and whose upstream drainage area is A ,  the 
coefficients b and c are determined by calibration (b = c = 0.5 have proved to be appropriate values), V, is 
the average value of the velocity in all cells in the watershed and [sbACIm is the corresponding watershed 
average value of the slope-area term. The inclusion of the drainage area A in the formula is a partial sub- 
stitute for the hydraulic radius in Manning's equation, which allows the velocity to increase with drainage 
area and neatly finesses the issue of which cells lie in the stream system and which lie on the land surface as 
no distinction is made between the two types of cells. In Arc/Info, the upstream drainage area of all cells in 
the landscape is automatically computed using the Flowaccumulation function applied to the flow network 
shown in Figure lb. The use of the ratio sbAC/[sbAC], renders the formula independent of the units in which 
s and A are measured and to some degree limits the effect of the choice of the cell size on the resulting 
velocity values. It turns out to be useful to limit the velocity values computed by Equation (15) to an 
acceptable range [Vmi,, V,,,] to ensure that least a minimal velocity from areas of flat slope having little 
drainage area and to ensure that flow in large streams does not move with unrealistically high velocities. 

From the evolution in thinking just described about how to specify a representative velocity for each cell 
in the landscape, it can readily be seen that there is no unique way to make this assignment. However, 
Equation (15) is a form that has a reasonable physical basis and is readily computed with the available 
terrain information. It may be possible at a later time to determine a table of representative values of 
the average velocity V, as a function of average slope and land cover characteristics. Another facet of char- 
acterizing watershed response times by using a velocity field is that it leads to a systematic test of scaling: if 
the velocity field is assigned by calibration to a series of nested watersheds of successively increasing size, 
the watershed size at which the values so assigned at each location begin to diverge is the limiting size of 
watershed to which this method should be applied. 

SUBAREA UNIT HYDROGRAPH 

Given a velocity field for the watershed, the flow time to the outlet can be computed for each cell by 
Equation (12). The question now becomes how to translate that flow time into a response function to 
describe the time distribution of flow at the outlet in response to a unit input of excess rainfall at the 
cell. This model should take into account both translation and storage effects - that is, the average 
time taken for water from the cell to reach the outlet and the variation around that average resulting 
from storage effects along the flow path and velocity variations across the cross-section of the stream. In 
this paper, two different types of flow models are defined according to the amount of translation or storage 
that is considered. 

Pure translation model 
The pure translation model (linear channel flow) assumes that all flow elements at any particular location 

flow with the same speed. Thus there is no flow spreading and all flow elements starting from a particular 
cell reach the watershed outlet simultaneously at  time T j  later. Thus the impulse response function in Equa- 
tion (4) is given by 

U J t )  = d ( t  - q)  (16) 
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output T = T, + T, 
reservoir flow 

Figure 4. Lagged single linear reservoir model: representation of the flow path as a linear channel and linear reservoir in series 

where 15 is the Dirac delta function. The corresponding pulse response function is given by Equation (5) as 

and zero for all other times, which means that a pulse of excess rainfall of rate l/At and duration At on 
subarea or cellj appears as an unchanged pulse at the outlet at time TJ later. The time-area diagram is 
a graph of the cumulative drainage area A ( t )  which drains to the outlet within time t since rainfall 
began, which is given in terms of the subarea flow times as 

A( t )  = x A A j  j y J  for which T j < t  
j c J  

If isochrones of equal travel time are drawn over the watershed at time intervals At, the incremental area in 
the i th isochrone zone is given by 

AA: = A(iAt) - A [ ( i  - l)Aj] (19) 

and the runoff hydrograph can be calculated by simplifying Equation (8) using Equations (17) and (19) to 
yield 

Equation (20) implies that the excess precipitation is uniform over the watershed. The unit hydrograph for 
the pure translation model with uniform excess precipitation can thus be calculated by setting P I  = 1 and 
zero thereafter in Equation (20). In this instance, the time-area diagram and the S-hydrograph of the 
watershed are equivalent (Maidment, 1993). Units of area over time are equivalent to discharge divided 
by rainfall depth and are appropriate for unit hydrograph application. 

Equation (20) is a simple approach to unit hydrograph development that may be useful for application to 
small watersheds with minimal storage effects. It says that if we draw an isochrone map of the watershed 
using time interval At, the sequence of incremental areas between the isochrones divided by their time 
interval is the sequence of unit hydrograph ordinates for an event of duration At. As At tends to zero, 
the result so computed tends to the instantaneous unit hydrograph. In the case where the excess precipita- 
tion is not uniform over the watershed, Equation (20) can be generalized to allow the excess precipitation to 
vary by isochrone zone as well as with time. If a greater degree of spatial variability in excess precipitation is 
needed, the pulse response function from Equation (17) can be substituted into Equation (8) to compute 
runoff using the pure translation or linear channel model. 

Combined translation and storage model 
The approach presented here to conceptualization of the response over the flow path is to consider that 

each path has a translation and a storage time associated with it, in fixed proportions, as shown in Figure 4. 
This means that the flow leaves a cell and enters a linear channel of translation time Ts followed by a linear 
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reservoir of average residence time T,, where T, is equal to k, the linear reservoir constant as given by 
S = kQ. Thus if the total flow time from a cell is T ,  then 

T = T, + T, 

p=-  Tr 

(21) 

(22) 

and the ratio p of the residence time in the reservoir to the total flow time is constant 

T 
It is assumed here that the value of p is the same for all cells in the watershed. Thus the unit hydrograph 
model proposed here is the same as the Clark unit hydrograph model except that it is applied at the cell or 
subarea level rather than at the watershed level. The impulse response function for a lagged linear reservoir 
is given by 

u(t) = 0 for t < T, 

u(t) = - e x p ( - q )  1 for t a ~ ,  
Tr 

The corresponding unit pulse response function, h(t), for an input of duration At, is given by 

h(t) = 0 fort < T, 

h( t) = [ 1 - exp ( ) ] for T, < t < T, + At 
At 

As the values of T, and T, are defined for each cell, it is possible to compute a response function for each 
watershed cell or for any combination of cells with similar properties. As a practical matter it appears that if 
the cells are grouped into about 30 zones over the watershed and assigned flow times equal to the average 
for the cells in each zone, then the resulting unit hydrograph at the outlet is visually indistinguishable from 
that computed considering the response from each cell separately. Thus the concept of a subarea introduced 
at the beginning of the paper can either represent an individual cell in the watershed or a zone of neighbour- 
ing cells whose flow times are sufficiently similar that they can be considered equivalent. 

Although the lagged single linear reservoir model presented here is similar to that proposed by Clark 
(1945), there are differences in the basic assumptions that make the models distinct. Clark’s unit hydro- 
graph model assumes pure translation for a time equal to the entire flow time T ,  followed by reservoir 
flow through a tank with detention time equal to k. In Clark’s model there is a single reservoir whose prop- 
erties are the same for the whole watershed. In the present model the reservoir detention time Tr varies in 
proportion to the overall flow time from the cell. The main difference is that the model proposed here 
allows subareas within the watershed to be considered as separate units, each with its own distinct response 
function at the watershed outlet, instead of the conventional assumption that all of the watershed response 
is spatially lumped. 

APPLICATION TO THE SEVERN WATERSHED 

The 8-70 km2 Severn watershed at Plynlimon in Wales is used as an example for the application of the 
method because detailed hydrological studies have been conducted there for many years by the Institute 
of Hydrology. The standard UK 50m digital elevation model of the area was used for determining flow 
directions, land slopes and drainage areas. Kirby et al. (1991) discuss the hydrology of this watershed, 
which is an upland area characterized by moorlands, and present a unit hydrograph inferred from flow 
records at is outlet, which is shown as the solid line 1 in Figure 5.  
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Figure 5. Thirty minute unit hydrograph for Severn watershed at  Plynlimon in Wales. Line 1: observed hydrograph. Line 2: synthetic 
hydrograph derived from a spatially distributed velocity field, with the lagged single linear reservoir model (0 = 0.8). Line 3: synthetic 
hydrograph derived from a spatially distributed velocity field, with the pure translation model. Line 4: synthetic hydrograph derived 

from a uniform velocity field, with the pure translation model (w = 12m/min) 

For purposes of illustration, several different choices about the velocity field and flow response are pre- 
sented in Figure 5. The simplest example is a pure translation model with a uniform velocity of 12m/min 
assumed in each cell, a value chosen to yield approximately the same peak discharge as that observed. The 
unit hydrograph (line 4 in Figure 5) is computed by Equation (20) from the time-area diagram found by 
calculating the cell flow time distribution using Equation (12). It can be seen that there are two peaks in this 
distribution, similar to the distance-area diagram shown in Figure 3. This distribution is a simple time 
translation of the distance-area to time-area characteristics of the watershed because a uniform velocity 
is used throughout the watershed. 

A more complex example (line 3 in Figure 5) occurs when the spatially distributed velocity field Equation 
(15) is used instead of a uniform flow velocity and the unit hydrograph is again computed from the time- 
area diagram by Equation (20). This has the effect of producing a single peaked hydrograph. The param- 
eters b and c are both assumed equal to 0.5. In calculating the velocity field, upper and lower bounds of 
220m/min and 1-65m/min, respectively, were used, and the average cell velocity is 2.75m/min. The 
average velocity for the spatially distributed example is less than that for the uniform velocity example 
because in the spatially distributed case the stream cells with higher velocities affect the drainage of 
many more cells than do those on the land surface, but a simple watershed average of the cell velocities 
does not take this weighting effect into account. When the weighting effect of the drainage area of each 
cell is taken into account, the effective average velocity becomes 11.6m/min, which is similar to the 
12m/min used earlier as the uniform watershed velocity. Moreover, the ratio of the mean flow length of 
the watershed cells (2873.5 m) to their mean flow time (254 min) is 11.3 m/min, which suggests that the 
value of the mean velocity V, can be inferred from the geography of the watershed and its average lag 
time, rather than requiring a calibration process. 

The final example is with the lagged linear reservoir model in which the unit hydrograph (line 2 in Figure 5) 
is computed from Equation (24) with values of V, = 2.75m/min and p = 0.80, which gives the best fit of 
calculated and observed responses when matched according to the peak discharge. The effect of introducing 
the linear reservoir is to cause some of the flow to appear much sooner than for the linear channel alone, 
and for some of the flow to be delayed over a long recession curve, as shown in Figure 5. The error in the 
peak flow is less than 0*06%, the peak time is the same in the two examples and the error in the lag time is 
10% (26min). It is possible to fit the values to correctly reproduce the lag time, but this reduces the com- 
puted peak discharge below that observed. Given the uncertainties of any kind of representative unit 



842 D. R. MAIDMENT ET AL. 

Legend 

0 - 80 min White 
Light grey 80 - 160 min 
Dark grey 160 - 320 min 
Black 320 - 717 min 

Figure 6.  Isochrone map for Severn watershed at Plynlimon in Wales 

hydrograph representation, this degree of reproduction seems reasonable for practical purposes, especially 
in the rising limb of the hydrograph. In the falling limb, higher values are obtained right after the peak, 
followed by lower values in most of the recession. It can be seen that the peak of the observed hydrograph 
has a broad crest and very steep falling slope immediately after the peak. The time of rise of the hydrograph 
is about one hour and the recession time is about 18 hours, which is a much longer ratio of recession to rise 
time than is typically assumed in the USA. 

The spatial pattern of the watershed response is shown by the isochrone map in Figure 6. In this figure, 
the flow times for the cells have been divided into four zones with flow time limits of 80, 160, 320 and 
720min, respectively. The corresponding time-area diagram is shown in Figure 7. It is important to point 
out that in about half of the cells the flow velocity V was determined by its lower limit Vmin. No specific part 
of the watershed contained these cells, which were apparently randomly distributed throughout the entire 
catchment. This suggests that the lower bound of the velocity is a critical parameter in determining the 
velocity field. The relatively low value of V, = 2.75 m/min (165 m/h) suggests that the water, on average, 
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Figure 7. Time-area diagram for Severn watershed at Plylimon in Wales 
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flows slowly and the high value of /3 = 0-8 shows that the flow is dominated by storage effects. Other water- 
sheds to which this method has been applied in the USA have given values of V,  = 8-9m/min and 
p = 0.5-0.6, respectively. 

CONCLUSIONS 

In this research, the standard watershed and stream network delineation routines available in geographical 
information systems have bene extended by applying a velocity to each cell in the watershed and by com- 
puting the resulting cell-based response function for runoff at the outlet. The watershed area is divided into 
cells or subareas and the watershed as a linear system is decomposed into the areal sum of the subarea 
response functions. The main conclusions of this research are listed below. 

If a watershed is partitioned into subareas, its unit hydrograph can be decomposed into the sum of the 
unit hydrographs from the subareas under the condition that the shape of a subarea unit hydrograph is 
not altered by the presence of runoff from other subareas. Effectively, this means that the velocity of 
water movement in drainage paths is locally constant during a runoff event. 
The local velocity in each cell can be found by modifying a mean velocity for the watershed by a func- 
tion of the local slope and the upstream drainage area. By integrating the travel time along the flow 
path from each cell to the watershed outlet, a flow-time grid can be determined for the watershed. 
The isochrone map and the time-area diagram for the watershed are obtained by classifying the 
flow-time grid into zones for intervals of flow-time. 
Given the time along the flow path, the subarea response function at the outlet can be computed by a 
model of pure translation (linear channel), pure storage (linear reservoir) or by a combination of these 
methods. A reasonable method is to partition the flow time from each cell to the outlet into a transla- 
tion component and a storage component using a fixed ratio. This yields a lagged linear reservoir model 
for each cell. By grouping the cells into about 30 isochrone zones, the resulting unit hydrograph 
summed over the watershed is practically the same as that obtained considering the response of each 
cell separately. 
Application of this method to the Severn watershed at Plynlimon in Wales produces a unit hydrograph 
which fairly closely matches that determined for this watershed from flow records. However, we were 
unable to simultaneously match the observed peak discharge and the observed lag time of this 
hydrograph. 

The main advantage of the unit hydrograph approach proposed here is that it allows the response func- 
tion to be computed separately for different regions of the watershed without abandoning the idea of a unit 
hydrograph for the watershed as a whole. It would be desirable to extend the present research to explicitly 
characterize the spatial variation in the pattern of runoff production over the watershed as part of the unit 
hydrograph development. 
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